Abstract: In this paper, we address the problem of estimating a multidimensional density f by using indirect observations from the statistical model Y = X + ε. Here, ε is a measurement error independent of the random vector X of interest, and having a known density with respect to the Lebesgue measure. Our aim is to obtain optimal accuracy of estimation under Lp-losses when the error ε has a characteristic function with a polynomial decay. To achieve this goal, we first construct a kernel estimator of f which is fully data driven. Then, we derive for it an oracle inequality under very mild assumptions on the characteristic function of the error ε. As a consequence, we get minimax adaptive upper bounds over a large scale of anisotropic Nikolskii classes and we prove that our estimator is asymptotically rate optimal when p ∈ [2, +∞]. Furthermore, our estimation procedure adapts automatically to the possible independence structure of f and this allows us to improve significantly the accuracy of estimation.
Introduction
Let X k = X k,1 , . . . , X k,d , k ∈ N * , be a sequence of R d -valued i.i.d. random vectors defined on a complete probability space (Ω, A, P) and having an unknown density f with respect to the Lebesgue measure. Assume that we have at our disposal indirect observations given by
where the errors ε k are also i.i.d. d-dimensional random vectors, independent of the X k 's, with a known density q. The goal is to estimate the density f by using observations Y (n) = (Y 1 , . . . , Y n ). By an estimator we mean any Y (n) -measurable mapping f : R n → L p R d . The accuracy of an estimator is measured by its L p -risk
Here and in the sequel E f denotes the expectation with respect to the probability measure P f of the observations Y (n) = (Y 1 , . . . , Y n ) and g r is the L r -norm of g ∈ L r (R s ), s ∈ N * , r ∈ [1, +∞]. We will also denote by g the Fourier transform of g ∈ L 1 (R s ), defined by g(x) = e i<t,x> g(x)dx, where < ·, · > is the euclidean scalar product on R s . The aforementioned deconvolution model, which is more realistic than the density model (with direct observations), exists in many different fields and is the subject of many theoretical studies. In most of them, the main interest is to provide estimators which achieve optimal rates of convergence on particular functional classes in a minimax sense. For instance, the problem of minimax estimation in the deconvolution model with pointwise and L 2 risks was investigated by Fan ([8] , [9] ), Pensky and Vidakovic [25] , Butucea and Tsybakov ([3] , [4] ), Butucea and Comte [2] . The global estimation in the deconvolution model was also considered under a weighted L p -norm (defined with an integrable weight function) by Fan [9] and under the sup-norm loss by Lounici and Nickl [22] . Whereas all the works cited above are in the unidimensional setting, the problem of multidimensional density deconvolution under pointwise and L 2 losses has been recently addressed by Comte and Lacour [5] . In the present paper the aim is twofold. First, we deal with optimal deconvolution of a multivariate density under L p and sup-norm losses. Next, as in Lepski [19] (under sup-norm loss) and in Rebelles [27] (under L p -losses) for the density model, we also take advantage of the fact that some coordinates of the X k 's may be independent from the others, but in a unified way.
Minimax estimation In the framework of the minimax estimation it is assumed that f belongs to a certain set of functions Σ, and then the accuracy of an estimator f is measured by its maximal risk over Σ :
The objective here is to construct an estimator f * which achieves the asymptotic of the minimax risk (minimax rate of convergence) :
where infimum is taken over all possible estimators. Such an estimator is called minimax on Σ.
In this paper, we focus on the problem of minimax estimation over anisotropic Nikolskii classes of densities N r,d (β, L), see the definition in Section 2.3. Whereas the vector β = (β 1 , . . . , β d ) represents the smoothness of the target density, r = (r 1 , . . . , r d ) represents the index of homogeneity. For the case where p is finite we will assume that the smoothness of f is measured in the same L p -norm that the accuracy of estimation, that means r j = p for j = 1, . . . , d. In the latter case, the vector r will be replaced by p in the notation of the functional class.
In Comte and Lacour [5] it was shown that
when the common density q of the errors (which is assumed to be known) satisfies
for some constants A 1 , A 2 , λ j > 0, j = 1, . . . , d. Such a density is usually called ordinary smooth of order λ = (λ 1 , . . . , λ d ).
Note that the latter result was proved in the one dimensional setting in Fan [9] . However, whereas Fan [9] provided an estimator whose construction depends on the smoothness parameter β of the functional class N 2,1 (β, L) (which is not known in practice), Comte and Lacour [5] proposed an adaptive strategy. Indeed, they have constructed a single estimator which is fully data driven and minimax on each class N 2,d (β, L), whatever the nuisance parameter (β, L) in a large range. Such an estimator is called optimal adaptive over the scale {N 2,d (β, L)} (β,L) .
Lounici and Nickl [22] considered the problem of adaptive deconvolution of a univariate density under sup-norm loss and proved that
when the common density q of the errors is ordinary smooth of order λ > 0. Moreover, they provided an optimal adaptive estimator over the scale of Hölder classes
It is worth mentioning that Fan [9] , Lounici and Nickl [22] and Comte and Lacour [5] , as in many other papers, considered also the case of errors having a common density whose Fourier transform has exponential decay, usually called super smooth. In the multidimensional setting, Comte and Lacour [5] showed that, in presence of super smooth noise, the rates of convergence on anisotropic Nikolskii classes (considered as classes of ordinary smooth densities) are logarithmic and achieved by a kernel estimator whose bandwidth depends only on the smoothness parameters of the noise. Thus, in the latter case, no bandwidth selection procedure is required to get adaptive properties. In this paper, we only study the case of ordinary smooth noise, namely a "moderately ill-posed" case in inverse problems.
However, the rates of convergence given in (2)- (3) are recovered from the results we obtain in the present paper. Indeed, we provide adaptive kernel estimators which achieve the following minimax rates of convergence respectively:
where τ is given in (2), ω := d j=1
Here, the optimality is a direct consequence of minimax lower bounds recently obtained by Lepski and Willer [21] . As usually, these lower bounds hold under additional assumptions on the common density of the errors, see Section 2.4. Moreover, they proved that there is no uniformly consistent estimator on N r,d (β, L) under sup-norm loss if κ ≤ 0. Note also that, for p ∈ (1, 2), our estimator does not achieve the minimax lower bound on N p,d (β, L) they have found. Finally, we will not consider the case p = 1 since the results in Lepski and Willer [21] show that there is no uniformly consistent estimator on
It is important to emphasize that minimax rates depend heavily on the dimension d. To reduce the influence of the dimension on the accuracy of estimation (curse of dimensionality), many researchers have studied the possibility of taking into account, not only the smoothness properties of the target function, but also some structural hypothesis on the statistical model. For instance, see the works on the composite function structure in Horowitz and Mamen [15] , Iouditski et al. [16] and Baraud and Birgé [1] , the works on multi-index structure in Goldenshluger and Lepski [10] and Lepski and Serdyukova [20] , and the works on the multiple index model in density estimation in Samarov and Tsybakov [28] .
Below, we discuss one of the possibilities of facing to this problem in the framework of density estimation. The approach which has been recently proposed in Lepski [19] is to take into account the independence structure of the target density f , namely its product structure due to the independence structure of the vector X 1 .
Organization of the paper In Section 2, we describe assumptions on the densities involved in the statistical model (1) and we recall the minimax lower bounds obtained in Lepski and Willer [21] useful in this paper. In Section 3, we introduce the family of kernel estimators we use for our procedure and then we describe the selection rule that leads to the construction of our final estimator. In Section 4, we provide some oracle inequalities and, as consequences, minimax adaptive upper bounds under L p -losses over scales of anisotropic Nikolskii classes. Further, we discuss the optimality of our estimator and the influence of the independence structure of the target density on the accuracy of estimation. Proofs of all main results are given in Section 5. Proofs of technical useful results are deferred to the Appendix.
Assumptions on densities f and q

Structural assumption on the target density
Denote by I d the set of all subsets of {1, . . . , d}, except the empty set. Let P be a given set of partitions of {1, . . . , d}. For all I ∈ I d denote also I = {1, . . . , d}\I and |I| =card(I). We will use ∅ for {1, . . . , d}. Finally, for all x ∈ R d and I ∈ I d put x I := (x i ) j∈I and, for any probability density g :
Assume that g ∅ ≡ g and that g ∅ ≡ 1. Note also that f I and q I are the marginal densities of X 1,I and ε 1,I respectively.
If P ∈ P is such that the vectors X 1,I , I ∈ P, are independent then f (x) = I∈P f I (x I ), ∀x ∈ R d . In the sequel, the possible independence structure of the density f will be represented by a partition belonging to the following set :
Remark that P(f ) is not empty if we consider that ∅ ∈ P, or that P = {P} if the independence structure of f is known. The possibility of choosing P, instead of considering all partitions of {1, . . . , d}, is introduced for technical purposes. This is explained in more detail in Lepski [19] , section 2.1, paragraph "Extra parameters". Finally, we endow the set P with the operation " ⋄ " introduced in Lepski [19] : for any
The use of this operation for the estimation procedure allows us to construct an estimator which adapts automatically to the independence structure of the underlying density.
Noise assumptions for upper bounds
Both the definition of our estimation procedure and the computation of the L p -risk, p ∈ (1, +∞], lead us to consider that the density q of the noise random vector ε 1 satisfies following assumptions.
Assumption (N1). Assume that, for any I ∈ P ⋄ P ′ , (P, P ′ ) ∈ P × P:
Assumption (N2). Assume that, for some constants A > 0, λ j > 0, j = 1, . . . , d, one has for any I ∈ P ⋄ P ′ , (P, P ′ ) ∈ P × P:
Here and in the sequel, D [5] , the latter case keep a great interest in particular physical contexts; see, for instance, the study of the pile-up model in Comte and Rebafka [6] .
In what follows, we assume that q satisfies Assumptions (N1)-(N2).
Smoothness assumption on the target density
In the literature there are several definitions of the anisotropic Nikolskii class of densities which are equivalent. Let us recall the definition we use in the present paper. Set {e 1 , . . . , e s }, the canonical basis in R s , s ∈ N * .
Here and in the sequel, ⌊a⌋ is the largest integer strictly less than the real number a. Furthermore, we use the notation N r,s (β, L) for N r,s (β, L) when r = (r, . . . , r).
In order to take into account the smoothness of the underlying density and its possible independence structure simultaneously, a certain collection of anisotropic Nikolskii classes of densities was introduced in Lepski [19] , Section 3, Definition 2. However, since the adaptation is not necessarily considered with respect to the set of all partitions of {1, . . . , d}, the condition imposed therein can be weakened. For instance, if P = {∅} (no independence structure), we want to find again the well known results concerning the adaptive estimation over the scale of anisotropic Nikolskii classes of densities N r,d (β, L) , that is not possible with the classes introduced in Lepski [19] . For these reasons, the following collection N r,d (β, L, P) P was introduced in Rebelles [26] , Section 3.1.
Note that, if P = {∅}, the class N r,d β, L, ∅ coincides with the classical anisotropic Nikolskii class of densities N r,d (β, L). 5
Noise assumptions for minimax lower bounds
Recently, Lepski and Willer [21] have obtained minimax lower bounds for
, when the density q of the noise random vector ε 1 satisfies the following assumption.
Assumption (N3). For any multi-index
Furthermore, there exist constants B > 0 and λ j > 0, j = 1, . . . , d, such that:
Note first that Assumption (N3) is also verified for centered Laplace or Gamma-type distributions. Next, if P = {∅} (no independence structure), any density q that satisfies both the condition (i) of Assumption (N3) and Assumptions (N2) verifies
and hence is ordinary smooth of order λ = (λ 1 , . . . , λ 2 ). Furthermore, the condition imposed in the left hand side of the latter inequalities, together with the condition (ii) of Assumption (N3) (or Condition 1 in Lounici and Nickl [22] for the one dimensional setting), implies that condition (iii) of Assumption (N2) is satisfied. The results below follow from Theorems 2 and 3 in Lepski and Willer [21] and allow us to assert the optimality of our estimators when P = {∅} (no independence structure).
where infimum is taken over all possible estimators and ϕ
where infimum is taken over all possible estimators and ϕ n,∞ (N r,d (β, L)) is given in (5).
Estimation procedure
In this section, we construct an estimator following a scheme of selection rule introduced in Lepski [19] to take into account the possible independence structure of the underlying density. If P = {∅} this scheme coincides with a version of the methodology proposed by Goldenshluger and Lepski [12] . This methodology, employed in many areas of nonparametric statistics, has been recently used by Comte and Lacour [5] in the framework of the deconvolution model. 6
Kernel-type estimators
Let K : R → R be a fixed symmetric kernel ( K = 1) belonging to the well known Schwartz class S(R). For instance, K may be a Gaussian kernel. For all
Therefore, in view of the definition of both the kernel K and Assumption (N2) on the errors, one can define the kernel-type estimator
The ideas that led to the introduction of the estimators f h I are explained in Fan [9] in the one-dimensional setting and, in Comte and Lacour [5] in the multivariate context.
Family of estimators
Below we propose a data driven selection from the family of estimators
where the set H p [ P ] of parameters (h, P) is constructed as follows.
For I ∈ I d , consider first the set of multibandwidths
Then define
The constant c p is chosen in order to have H p,I = ∅, ∀n ≥ 3.
Put finally
The introduction of the estimator f (h,P) is based on the following simple observation. If there exists P ∈ P(f ), the idea is to estimate separately each marginal density corresponding to I ∈ P. Since the estimated density possesses the product structure we seek its estimator in the same form.
Auxiliary estimators
We mimic the procedure of Lepski [19] by introducing the following auxiliary estimators. Consider first the classical kernel auxiliary estimators
where, here and in the sequel, " ⋆ " stands for the standard convolution product on R s , s ∈ N * . Then put, for h, η ∈ (0, 1] d and P, P ′ ∈ P,
where the operation " ⋄ " is defined by (7) . The ideas that led to the introduction of the estimators f (h,P),(η,P ′ ) , based on both the operation "⋆" and "⋄", are explained in Lepski [19] , Section 2.1, paragraph "Estimation construction". Note that the arguments given in the latter paper do not depend on the norm used in the definition of the risk and remain valid for estimation under L p −loss.
Selection rule
, where d := sup P∈P |P|,
and γ p > 0 is a numerical constant whose expression is given in Section 5.1 below.
For h ∈ (0, 1] d and P ∈ P introduce U p (h, P) := sup I∈P U p (h I ) and
Define finally h, P satisfying
Our selected estimator is f := f ( h, P) .
Note first that the existence of the quantities involved in the selection procedure is ensured by both the finiteness of the set H p [ P ] and the following result. The first statement given in Proposition 1 is a simple consequence of Marcinkiewicz Multiplier Theorem; see Theorem 5.2.4. and Corollary 5.2.5. in Grafakos [14] . 8
Proposition 1. Assume that Assumptions (N1)-(N2) are satisfied.
(i) For any p ∈ (1, 2) and any I ∈ P ⋄ P ′ , (P,
(ii) For any I ∈ P ⋄ P ′ , (P, P ′ ) ∈ P × P, there exists a constant
The proof of this proposition is postponed to Appendix. It is important to emphasize that the first bound was not used for the definition of U p (h I ) since a dimensional constant is not explicitly done in Theorem 5.2.4. of Grafakos [14] . Next, we also emphasize that the quantity U p (h I ) can be viewed, up to a numerical constant, as a uniform bound on the L p −norm of the stochastic error provided by the kernel-type estimator f h I . This is explained by the following result. For
Proposition 2. Assume that Assumptions (N1)-(N2) are verified. Let
The constants γ p,I (r) and c p (r) do not depend on the sample size n. Their explicit expressions can be found in the proof of the latter result, which is also postponed to Appendix.
Finally, in view of the assumptions on the kernel K, since H p P is a finite set, h, P exists, is in H p P and is
Main results
In this section, we first provide oracle inequalities for our estimator f . Then, we discuss adaptive minimax estimation over scales of anisotropic Nikolskii classes.
Oracle inequalities
Note that the construction of the proposed procedure does not require any condition concerning the density f . However, the following mild assumption will be used for computing its risk:
where F denotes the set of all probability densities g : R d → R + . The considered class of densities is determined by the choice of P and in particular
Define, for (h, P) ∈ H p [ P ] such that P ∈ P(f ),
If the possible independence structure P of the target density is known, the latter quantity can be viewed as an "L p −risk " of the estimator f (h,P) , defined with the loss l f (h,P) , f := sup
In this case, we see that the effective dimension of estimation is not d, but d(P) := sup I∈P |I|. Therefore, the best estimator from the family F[ P ] (the oracle) should be f (h * ,P * ) such that
Let us provide the following oracle inequalities for our selected estimator f .
where
The explicit expression of
is given in the proof of the theorem. It is worth to note that the maps f p → C p,1 (f p ) and f p → C p,2 (f p ) are bounded on any bounded interval of R + .
If P = ∅ we obtain automatically some oracle inequalities for estimation on R d under L p −loss, without considering any independence structure. In this case, the result above can be improved. Indeed, by scrutinizing its proof, one can easily see that the following theorem is true. 
The explicit expression of the absolute constant C p = C p (d, P, K, q) > 0 is given in the proof of the theorem.
Note first that the statement of Theorem 4 holds for all probability densities f ∈ F, that is not true for Theorem 3. Next, the constant 1 + 2 K d 1 is more suitable than C p,1 (f p ). Indeed, the prime interest in the oracle approach is to obtain a constant that does not depend on the target density and close to one. However, Theorem 3 allows us to consider both the smoothness properties and the independence structure of the target density and then to reduce the influence of the dimension on the accuracy of estimation. Indeed, if f has an independence structure P = ∅ and the smoothness parameter h is fixed and properly chosen then our procedure should choose the true partition P and the estimator f (h,P) should provide a better accuracy of estimation than the classical kernel-type estimator f h . This was illustrated by a short simulation study in Rebelles [27] for the density model (with direct observations), under the L 2 -loss. 10
L p -adaptive minimax estimation
In what follows, we illustrate the application of Theorems 3 and 4 to adaptive estimation over anisotropic Nikolskii classes of densities N r,d (β, L, P) and N r,d (β, L) respectively. To compute an L p -risk of a kernel-type estimator, we first compute its bias. Thus, we need to enforce the assumptions imposed on the kernel K. One of the possibilities is the following, proposed in Kerkyacharian, Lepski and Picard [17] . For a given integer l ≥ 2 and a given symmetric function u : R → R belonging to the Schwartz class S(R) and satisfying R u(z)dz = 1 set
Furthermore we use K ≡ u l in the definition of the collection of estimators F[P].
The relation of kernel u l to anisotropic Nikolskii classes is discussed in Kerkyacharian, Lepski and Picard [17] . In particular, it has been shown that
Minimax adaptive estimation under an L p -loss
, where
where b p is given in (11) . Assume that ∅ ∈ P and consider the estimator f defined by the selection rule (12)-(13) with p ∈ (1, +∞).
To get the statement of the latter theorem we apply Theorem 3. If P = {∅} (no independence structure), we obtain the following theorem by applying Theorem 4.
Theorem 6. Let p ∈ (1, +∞) be arbitrary fixed. Suppose that P = {∅} and that Assumptions (N1)-(N2) are satisfied. Then for any
To the best of our knowledge, the latter results are new. In view of the assertion of Theorem 1, if p ∈ [2, +∞) and Assumptions (N1)-(N3) on the errors are satisfied, we deduce from Theorem 6 that φ n,p (β, ∅) is the minimax rate of convergence on the anisotropic Nikolskii class N p,d (β, L) and that a minimax estimator can be selected from the collection of kernel-type estimators introduced in Section 3.1. Moreover, if P = {∅} (no independence structure), the quality of estimation of our estimator f is optimal, up to a numerical constant, on each class N p,d (β, L), whatever the nuisance parameter (β, L). Thus, in the aforementioned case, f is an optimal adaptive estimator over the scale
Remark that L p -estimation of an anisotropic density in the deconvolution model does not require that this density is uniformly bounded, whereas it is imposed in all the works concerning the density model (with direct observations); see, e.g. in Goldenshluger and Lepski [12] .
Unfortunately, if p ∈ (1, 2), our estimator does not achieve the minimax lower bound on N p,d (β, L) obtained in Lepski and Willer [21] under the L p -loss. We conclude that either our estimator is not minimax on N p,d (β, L) or the lower bound in Lepski and Willer [21] is not the minimax rate of convergence on the latter functional class.
It is important to emphasize that both Theorems 5-6 allow us to analyze the influence of the independence structure on the accuracy of estimation under an L p -loss in the deconvolution model. Indeed, we see that φ n,p (β, ∅) ≫ φ n,p (β, P), P = ∅, whatever the independence structure of the common density of the errors. Thus, our estimation procedure allows us to improve significantly the accuracy of estimation if the target density has an independence structure P = ∅.
Having said that, the question is: is φ n,p (β, P) the minimax rate of convergence on the functional class N p,d (β, L, P)? For the density model (that corresponds to λ j = 0, j = 1, . . . , d), it is asserted in Rebelles [27] that the answer is positive and that the proof of the corresponding minimax lower bound coincides with the one of Theorem 3 in Goldenshluger and Lepski [13] , up to minor modifications to take into account the independence structure. For the deconvolution model, we conjecture that the answer is also positive if p ∈ [2, +∞) and that a minimax lower bound on N p,d (β, L, P) can be obtained, up to straightforward modifications, as in Lepski and Willer [21] .
Minimax adaptive estimation under sup-norm loss
Assume that ∅ ∈ P and consider the estimator f defined by the selection rule (12)-(13) with p = +∞. As previously, we obtain the following two theorems:
Theorem 7. Suppose that Assumptions (N1)-(N2) are satisfied. Then for any
(β, L, r, P) ∈ (0, l] d × (0, ∞) d × [1, +∞] d × P satisfying 1 − d j=1 1 β j r j > 0 one has lim sup n→+∞ φ −1 n,∞ (β, r, P)R p f , N r,d (β, L, P) < ∞.
Theorem 8. Suppose that P = {∅} and that Assumptions (N1)-(N2) are satisfied. Then for any
To the best of our knowledge, the latter results are also new. Note first that in the case of direct observations we find again the results obtained in Lepski [19] . Next, if P = {∅} and 1 − d j=1 1 β j r j > 0, it follows from Theorems 2 and 8 that, in presence of the noise satisfying Assumptions (N1)-(N3), φ n,∞ (β, r, ∅) is the minimax rate of convergence on the anisotropic class N r,d (β, L). In this case, our estimator is an optimal adaptive one over the scale
It is worth to note that our estimator can be used for pointwise estimation. Moreover, it follows from Theorem 8 that our estimator achieves the adaptive rates of convergence found in Comte and Lacour [5] with a pointwise criterion over the scale of Hölder classes
As previously, Theorems 7-8 allow us to conclude that our procedure leads to a better accuracy of estimation under sup-norm loss whenever the target density has an independence structure P = ∅. In this case, we improve significantly the results obtained in Comte and Lacour [5] under a pointwise loss. Furthermore, we emphasize that if the target density has a known independence structure P,
> 0, ∀I ∈ P, our estimator achieves the rate of convergence φ n,∞ (β, r, P) on N r,d (β, L, P) whereas there is no uniformly consistent estimator on N r,d (β, L).
Finally, we conjecture that φ n,∞ (β, r, P) is the minimax rate of convergence on
> 0 and that a proof of the corresponding lower bound can be obtained by a minor modification of that in Lepski and Willer [21] to take into account the possible independence structure of the underlying density.
Proofs of main results
Quantities and technical lemma
For brevity, introduce first
Note that the finiteness of U p is due both to the definition of the sets of multibandwidths H p,I and to the bounds given in Proposition 1.
Next, define the constant γ p involved in the selection rule. For I ∈ I ⋄ d and r ≥ 1, put
where g I (t I ) :
, c(p) := 15p/ ln(p) and
with ϕ I (t I ) := sup j∈I |t j | g I (t I ). Then, put r k := kp1 {p<∞} + k1 {p=+∞} , k ≥ 1, and
Finally, we need the following technical lemma in order to compute our risk bounds. Define
The absolute constants c p,1 (r) > 0 and c p,2 (r, f p ) > 0 can be explicitly expressed and the maps f p → c p,2 (r, f p ) are bounded on any bounded interval of R + ; see the proof of the latter result, which is postponed to Appendix.
Oracle inequalities : proof of Theorems 3 and 4.
. Let (h, P) ∈ H p P , P ∈ P(f ), be fixed.
In view of the triangle inequality we have
Here we have used the equality f (h,P),( h, P) = f ( h, P),(h,P) . By definition of ( h, P), we obtain
2) Suppose that P = {I 1 , . . . , I m }, m ∈ {1, . . . , d}. Since P ∈ P(f ), for any
Here we have used the trivial equality: for m ∈ N * and a j , b j ∈ R, j = 1, m,
where the product over empty set is assumed to be equal to one. In view of P ∈ P, the triangle inequality and the Fubini-Tonelli theorem (used for the case p < ∞) we establish
3) For any (η, P ′ ) ∈ H p P and any
Therefore, by the same method as the one used in step 2, we establish
Here we have used Young's inequality and the inequalities K 1 ≥ K = 1 and G p ≥ 1.
4)
In view of the Fubini theorem and Young's inequality, for any I ∈ I ⋄ d and any
Then, by the same method as the one used in step 2 and (26), for any (η, P ′ ) ∈ H p P and any I ′ ∈ P ′ we get
5) For η ∈ (0, 1] d and I ′ ∈ I d , since P ∈ P(f ), we have for any
Here we have used the product structure of the kernel K and the Fubini theorem. Thus, in view of the triangle inequality, (25) , (27) and the trivial inequality [sup
Finally, it follows from (22), (24) and (28) 
6) Consider the random event
In view of (26), Lemma 1, Markov's inequality, (29) , and the Cauchy-Schwarz inequality we
Thus, we come to the assertion of Theorem 3 with
The constants c p,1 (r k ) and c p,2 (r k , f p ), k = 1, 2, 4, are given in the proof of Lemma 1.
7)
Particular case: P = ∅ (no independence structure) Set f ∈ F and let h ∈ H p,∅ be arbitrary fixed. By scrutinizing the steps 1)-5) we easily see that
Thus, we get from Proposition 2
where the constants γ p,∅ (r 1 ) and c p (r 1 ) are given in the proof of Proposition 2.
Adaptive minimax upper bounds: Proof of Theorems 5-8
In view of the triangle inequality, ∀h
Note first that, by applying Proposition 3 in Kerkyacharian, Lepski and Picard [17] , it is easily established that, for any h ∈ (0, 1] d , any P ′ ∈ P and any J ∈ P ⋄ P ′ ,
Next, if (h, P) ∈ H p [ P ], we easily get from Propositions 1-2
Consider now, for all I ∈ P, the system
The solution is given by
where τ I is given in (20) .
Note that, for all I ∈ P,
Denote by h I the projection of h I on the dyadic grid H p,I . It is easily checked that (h, P) ∈ H p P for n large enough. Thus, it follows from Theorem 3, (30), (31) and (32) that
for n large enough. Finally, it is easily seen that we get the statement of Theorem 5 from (33) and (34). Similarly, the statement of Theorem 6 is obtained by applying Theorem 4.
(β, L, P) be arbitrary fixed. It follows from the definition of the latter functional class and the embedding theorem for anisotropic Nikolskii classes, see, e.g., Theorem 6.9 in Nikolskii [24] 
Note first that, in view of the arguments given in the proof of Theorem 3 in Lepski [19] , it follows from Lemme 4 in the latter paper that, for any h ∈ (0, 1] d , any P ′ ∈ P and any J ∈ P ⋄ P ′ ,
, we easily get from Propositions 2
, j ∈ I, I ∈ P,
where Υ I is given in (21) .
Note that, for all I ∈ P, n j∈I h 2λ j +1 j ≥ ln(n) for n large enough. Thus, as previously, we get the statement of Theorem 7 from Theorem 3, (35), (36) and (37). Similarly, the statement of Theorem 8 is obtained by applying Theorem 4.
Appendix
Proof of Proposition 1
Let h ∈ (0, 1] d and I ∈ I ⋄ d be arbitrary fixed. Note that
where h I t I denotes the coordinate-wise product of the vectors h I and t I .
1)Proof of assertion (i)
Set p ∈ (1, 2). Here, we apply the Marcinkiewicz Multiplier Theorem on R |I| , given in Grafakos [14] p. 363, with
In view of Assumption (N2) on q, m is a bounded function defined away from the coordinates axes on R |I| and is C |I| on this region. Moreover,
Set α I = (α j ) j∈I ∈ N |I| satisfying |α I | := j∈I α j ≤ |I|. In view of Leibniz's rule, one has
Here, γ I ≤ α I means γ j ≤ α j , ∀j ∈ I.
Let t I be chosen such that t j = 0 if α j = 0. In this case, for any multi-index
Here, we assume that 0 0 is equal to one.
Since q satisfies Assumption (N2), we obtain similarly as in (39)
C(|I|, q I ) := max
it follows from Corollary 5.2.5. in Grafakos [14] , (39) and (40)
where C |I| < ∞ is a dimensional constant which is not explicitly done in the aforementioned result. Thus, assertion (i) of Proposition 1 is proved with
2)Proof of assertion (ii) Note first that
In view of Assumption (N2) on the errors,
Thus, assertion (ii) of Proposition 1 is proved with
where g I is given in (38).
Proof of Proposition 2: case p < ∞.
Let I ∈ I ⋄ d be arbitrary fixed. We get the statement of Proposition 2 by applying Theorem 1 and Corollaries 2 and 3 in Goldenshluger and Lepski [11] with s = p,
Here, the i.i.d. random vectors are the Y k,I 's and their common density is f I ⋆ q I . By using the continuity property of L (h I ) (·), it is easily proved that Assumption (A1) in the aforementioned paper is fulfilled.
1)
Case p ∈ (1, 2). Let r ≥ 1 and h I ∈ H p,I be arbitrary fixed.
By application of Corollary 2 in Goldenshluger and Lepski [11] , one has
By integration of (42) we easily get, for all integer n ≥ 3,
where Γ(·) is the well known Gamma function.
Note that, for all integer n ≥ 3,
, we obtain, for all integer n ≥ 3,
which is finite in view of Proposition 1 and the definition of the set H p,I .
2) Case p = 2. Let r ≥ 1 and h I ∈ H p,I be arbitrary fixed. Here, we apply Theorem 1 in Goldenshluger and Lepski [11] but we compute differently the upper bound on the "dual" variance σ 2 by using the arguments given in the proof of Proposition 7 in Comte and Lacour [5] . Indeed, we obtain
Taking into account the latter inequality, the result of Theorem 1 in Goldenshluger and Lepski [11] should be
By integration of (43) we get, for all integer n ≥ 3,
Note that, in view of Assumption (N2) on the errors,
where g I is given in (38). Thus, in view of Proposition 1, (44) and the definition of H p,I , for all integer n ≥ 3,
Finally, we obtain for all integer n ≥ 3
which is finite in view of Proposition 1, (44) and the definition of the set H p,I .
3) Case p > 2. Let r ≥ 1 and h I ∈ H p,I be arbitrary fixed.
By application of Corollary 3 in Goldenshluger and Lepski [11] , one has
Here, we have used the following inequalities, which are consequences of Young's inequality. 
In view of Proposition 1, we get 1
which is finite in view of Proposition 1, (46) and the definition of the set H p,I .
Proof of Proposition 2: case p = +∞.
Let n ≥ 3, I ∈ I ⋄ d and h I ∈ [1/n, 1] |I| be arbitrary fixed. Assume that n j∈I h 2λ j +1 j ≥ ln(n). We divide this proof into several steps. 
where ϕ I (t I ) := sup j∈I |t j | g I (t I ) and g I is given in (38);
Next, set x I and x I be arbitrary fixed in R |I| . For any t I ∈ R |I| e −i<t I ,x I > − e 
It is easily seen that a(·, ·) is a semi-metric on R |I| .
2) Supremum-norm over totally bounded sets: In this step we obtain bounds of the supremum-norm of the normalized empirical process ξ h I (·) over totally bounded sets by applying Proposition 1 in Lepski [18] with T = R |I| , S = R, χ = ξ h I and Ψ(·) = | · |. Then we have to check Assumptions 1, 2 and 3 required in the latter Proposition and to match the notations used in the present paper and in Lepski [18] . Note first that, in view of (51), (52) and (53), Assumption 1 is fulfilled with c = 2. Next, consider the family of closed balls B R 2 (t I ) := x I ∈ R |I| : sup j∈I |x j − t j | ≤ R/2 , R ≥ 1, t I ∈ R |I| .
In view of the continuity property of the Fourier transforms and the definition of the semimetrics a and b, it is obvious that Assumption 2 is also satisfied with Θ = B R
